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Abstract —A rigorous method for modeling rectangular wave-
guide T-junctions is presented. The method characterizes the
waveguide discontinuity three times when the side-arm of the
T-junction is terminated in a short circuit with three different
lengths, and hence is called the three plane mode-matching

technique (TPMMT). Computed and measured data on both

E-plane and H-plane T-junctions are compared, showing excel-

lent agreement for the magnitudes and phases of the scattering

matrix elements. Element values of equivalent circuit models

proposed by Marcuvitz [6] are computed and approximated by

simple polynomials or rational functions, giving excellent accu-

racy. By using the S-parameters obtained from the TPMMT

method, a network model of a waveguide manifold multiplexer is

formulated. All parameters of the multiplexer, including the
manifold dimensions and the filters, are optimized using this
network model in terms of the multiplexer specification. The
experimental results match the computed optimum results with-
out further adjustment.

I. INTRODUCTION

AVEGUIDE T-junctions play an important role inw designing microwave circuits, such as multiplexer

used in modern communication systems [1]–[4], and power

dividers [5]. Modeling waveguide T-junctions is an old

problem. Initially, equivalent circuits were derived based

on electrostatic approximations [6]. These approximations

do not give sufficiently accurate results for many applica-

tions. In recent years, the finite element method (FEM)

and the boundary element method (BEM) have been

applied to solve this problem, and gave very good results

[7]. However, these methods require considerable com-

puting effort.
Mode-matching techniques have been used in the past

for the solution of a wide range of waveguide discontinu-

ity problems. For mode matching to be valid, the geome-

try of the configuration must have proper boundaries to

allow the division of the structure into regions, the expan-
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Fig. 1. The cross sections of T-junction and side-arm shorted

T-junction.

sions of the fields in terms of natural modes in each

region, and then the infinite set of mode-matching equa-

tions can be truncated to a finite set and solved numeri-

cally. If the field representation in any region cannof be

expanded in terms of natural modes, mode matching will

be invalid [8]. Unfortunately waveguide T-junctions have

a region (Region 4 in Fig. l(a)) where the fields cannot be

expanded in terms of natural modes.

One approach, introduced in the late 1960’s [9], uses

equivalent-circuit concepts applied to waveguide modes.
This method calculates the admittance matrix of the T-

junction by successively placing short circuits exactly at

two of the three openings of the T-junction (i.e., at the
thin lines in Fig. l(a)), yielding three one ports consisting

of shorted uniform waveguides. The same strategy is used

in [4], [5] to compute the scattering matrix of the T-junc-

tion.

This paper uses the mode-matching technique directly,

by modifying the configuration to avoid the field defective

regions. The method modifies the configuration by plac-
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ing a short circuit on the side arm of the T-junction some

distance away from the discontinuity. The scattering ma-

trix of the resulting two-port network is then computed

rigorously by mode matching. By repeating the same

process with three different positions of the short circuit

on the side arm, the three-port scattering matrix of the

T-junction can be extracted. Since the solution is obtained

by using mode matching three times, the method pro-

posed will be called the three plane mode-matching tech-

nique (TPMMT).

The computed results using the TPMMT were verified

by experimental measurements, and excellent agreement

was obtained for both the magnitudes and phases of all

the scattering matrix elements of both E- and H-plane

T-junctions.

Accurate circuit models of T-junctions suitable for use

in CAD programs are derived. The topologies of the

models are the same as those introduced by Marcuvitz [6];

however, the element values are derived as simple polyno-

mials or rational functions of frequency, from the scatter-

ing matrix obtained from the TPMMT.

Using the T-junctions model from the TPMMT, a net-

work model of a manifold type multiplexer is developed.

The dimensions of the manifold and the coupling parame-

ters of the filters are optimized on this network model in

terms of the multiplexer specification. An example 4-

channel S-band multiplexer is built in accordance with

the optimized design. Each of the four filters was built

and tuned separately to its optimized response, and the

multiplexer was then assembled as a five-port network.

The computed and measured results agreed remarkably

without further adjustment.

II. THREE PLANE MODE-MATCHING TECHNIQUE

(TpMMT)

A. Three Plane Measurement Method

A waveguide T-junction is modeled by a three-port

network as shown in Fig. 2(a). We developed a method,

called three plane measurement method, to measure the

scattering parameters of this three-port network by a

network analyzer. The method can be described as fol-

lows. 1) Connect three short circuits, (one at a time), with

reflection coefficient e]e’ (i = 1,2,3) to one of the three

ports (port 3). 2) Measure the S-parameters of each of the

resulting two-port networks [ Sni], i = 1,2,3, (port 1 to

port 2) by a network analyzer (Fig. 2(b)). Let these two

port parameters be

‘SJ=[2:: 2:17‘=17273‘1)
3) Calculate the S-parameters of the three-port network

from the three measured two-port network S-parameters.

Assuming the three-port network S-parameters are

[]

s S12 S13

[s]= s:; s,, s,, . (2)

s S32 s3~31

o——
al -.

bl --
o—— i=

[s] — az

— bz
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Fig. 2. Three-port and two-port networks.

Then, the relationship between [S] and [Sn,] can be easily

derived:

Where 01 is the phase of ith short. The reciprocity and

the symmetry properties of the T-junction have been used

in eq. (3). These are

S:3 = Sfl = S;3 = S:2 (4ii)

S12 = S21 (41))

Sll = S22 (4{:)

and

Smllc = sn,22t (5;3)

s m12i = sm21L. (51))

Solving (3a), Sll, S33 and S~l can be obtained, and then

substituting S33 and S& into (3b), S21 can be calculated.

B. T-Junction .S~attering Parameter Modeling

Inspired by thle three plane measurement method, three

shorts (with different phases) are used to modify the

T-junction configuration. Once the side-arm of the T-

junction is shorted and regions 3 and 4 are combined to

form region B in Fig. l(b), this new region is considered a

uniform waveguide of cross section (a X hi), different

from the cross section of regions A and C (ax b), and

length d. The problem is therefore reduced to a wave-

guide discontinuity problem of three wzweguides: two

infinite waveguides A and C of cross section a X b, sepa-

rated by a length d of waveguide B of cross section a X b,.

The same procedure as in the three plane measurement

method is used to obtain the S-parameters of the T-jun c-

tion, except that the S-parameters of the three two-port
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networks are now computed by using mode-matching

techniques instead of measurements by the network ana-

lyzer.

Consider a TEIO mode incident from z < – d on the

junction discontinuities at z = – d and O. Due to the

presence of these discontinuities, reflected waves are gen-

erated in region A, transmitted and reflected waves in

region B, and transmitted waves in region C. Because the

discontinuities are in only the y-direction in the x-y

plane, the fields in each region will have the same varia-

tion in the x-direction. In order to calculate the reflected

and transmitted fields for each mode in each region, the

total transverse fields in each region are expanded in

terms oi the appropriate waveguide modes in the region:

For region C (z > O),

E, = ~ C~#C~e-YCkz
k-

~t c ~ ck~cke-y.kz

k

(6a)

(6b)

(7a)

(7b)

(8a)

(8b)

AA
.

A ‘BJ> ‘)’Bj; and ‘Ck , hck, Yck are thewhere e~~, hA~, yA~; ‘Bj?

transverse electric and magnetic eigen-fields and the

propagation constants of the normal waveguide modes in

the regions A, B, and C, respectively. By applying the

boundary conditions that the tangential electric and mag-

netic fields be continuous at z = – d and O and taking the

inner products with orthogonality relations on the eigen-

mode fields, the following infinite sets of linear equations

in the unknown coefficients B]+ and B]– are obtained:

~ [WmBJ + &#i] = z<2Al,&,) (9a)

m

~[Un#;+%rn%] =0 (9b)

m

where

W,m = e?Bm&Tlm -t ey”d< 8Bl, h~l ) dlm (lOa)

Xlm = – e ‘YBmdT,~ + e ““d( .?~l, ~~1 ) al~ (lOb)

~~ = Tl~ – (;Bl, &;l) 8),. (1OC)

Zlw, = – Tl~ – (t?Bl, ~;l ) 131~ (lOd)

(2, fi*)=@x~*). iidS (lOe)
s

and
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Fig. 3. Scattering parameters for an S-band E-plane T-junction with

a = 2b = 3.4 inch, d = b = 1.7 inch.

The numerical solution of (9) for B; and B; is achieved

by truncating the infinite set to a finite number of equa-

tions. The At’s and Ck’s are given by

Once the coefficients of the eigen-mode fields in each

region are obtained, the incident and scattered waves on

the equivalent multiport network (due to multi-modes) of

the side-arm shorted T-junction are taken as proportional

to the coefficients Ai and Ck, respectively. The propor-

tionality constants are the normalization factors ( t~i, ~~i )

or ( i?~k, &~ ). Thus a two-port network shown in Fig. 2(b)
can be used to characterize the discontinuity problem.

Since regions A and C have the same cross sections the

corresponding S-parameters are simply,

S11=S22=A, (12a)

S*l = S12 = cl. (12b)

A computer program was developed to compute the S-

parameters of both E-plane and H-plane rectangular

waveguide T-junctions. Convergence of the solutions was

checked by increasing the number of modes used in the
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mode-matching techniques. Six modes in each region were

found to be sufficient for convergence of the S-parame-

ters to within 0.5%.

Using the three plane method, the best choice of lengths

for the three shorts is to make the phase difference

between each two of the three lengths ~ 120°. Consider-

ing the higher order modes excited by the T-junction, a

certain minimum distance from the mouth of the T to the

short is necessary to avoid higher order mode interaction

between the short reference plane and the T-junction. On

the other hand, the longer the minimum distance is, the

more the number of modes in region B is needed. As a

compromise, it is found that (0.6 – 0.8)Ag is the best

choice for the minimum short circuit distance.

Fig. 3 shows the computed results by the TPMMT

method, and ‘the measured data from an HP8510B net-

work analyzer, showing the magnitudes and the phases (of

an S-band E-plane T-junction over the frequency band

from 2.5 to 2.6 GHz. Agreement between the computed

and measured dlata is remarkable.

Fig. 4 compares the measured S-parameters of an

H-plane T-junction with that computed by the TPMh4T
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TABLE I

POLYNOMIALCOEFFICIENTSFORE-PLANET-JUNCTIONWITHDIMENSIONALPARAMETERSa = 2b, d = b

k \b’s b$k) b\k) b\k) b$k) b~k) b$k) b~k)

a 114.0511 – 506.5494 920.1419 – 878.7803 467.6217 – 131.7710 15.4160

b – 13.1787 50.4164 –76.5400 57.7981 –21.6393 3.2407 —

560.9282 – 2154.8618 3457.6345 – 2957.0832 1419.8324 –362.6318 38.4726

2 – 48.4935 216.9668 – 398.1267 383.1617 -203.4954 56.5548 – 6.4179

------- Approximate formula results in [6]

e
2 —

Curve data in [6]

1 —

----- _________

--------------
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Normal&~d Freque~~y (f\fc)

Fig. 9. Equivalent circuit parameters for E-plane T-junction with a = 2b, d = b
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TABLE H

POLYNOMIALCOEFFICIENTSANDPOLESFORH-PLANET-JUNCTIONWITHDIMENSIONALPARAMETERSb = 2a, d = b

k\ X’S A)XL Xfk) ~jh) k)x$ x($) (h)
X5 .#/) PI P2

a 195.8846 – 810.7328 1394.7536 – 1276.3331 654.0399 – 177.9816 20.0767 1.3417 —

b – 58.5277 249.8083 – 442.8782 417.3045 – 220.2853 617781 – 7.1977 1,3417 1.6298

– 104.2241 424.1251 –715.9226 642.8116 – 323.8097 86,7534 – 9.6568 1.6298

: 7.7803 – 20.4710 21.0150 – 11.0336 2,8589 – 0.2650 — 1.6298 —

and other publkhed methods [4], [7]. The results are in

excellent agreement over the total waveguide frequency

band.

Fig. 5 gives the performance of an E-plane T-junction

over a total waveguide frequency band. The results com-

puted by TPMMT and measurements are in agreement.

C. T-Junction Equivalent Circuit

The methods of waveguide T-junction characterization,

including finite element, boundary element [7], Y-parame-

ter [9] and the TPMMT methods solve the bounda~ value

problems to obtain the scattering matrix of the three-port

network. All these methods cannot be easily adopted and

incorporated in microwave circuit CAD programs.

Although the present analysis is valid for any dimen-

sional parameters, all the data and comparisons pre-

sented in this section are for a = 2b, d = b for the E-plane

and b = 2a, d = b for the El-plane cases shown in Fig.

l(b).

Figs. 6 and 7 compare the S-parameters magnitudes

and phases, obtained from the TPMMT and from the

equivalent circuits [6] for E-plane and H-plane T-junc-

tions, respectively. The curves for the equivalent circuit

model were computed using approximate expressions

given in [6] (i.e., (1) to (5) of Section 6.1 for the E-plane,

and (1) to (4) of Section 6.5 for the H-plane. Note,

however, that the parameter B in Section 6.5 has an
error, it should be B = (1/m-)(1+ xz)/(l – XZ) + 0.3246).

Very accurate circuit model representations of E- and

H-plane T-junctions may “be derived by using topologies

introduced by Marcuvitz [6], but the element values are

derived from the TPMMT solutions. The eleme@ values

are given in terms of simple polynomials or rational

functions of the normalized frequency variable Q = (~/~C)

where ~ is the frequency and ~c is the cut-off frequency
of the TEIO fundamental mode in the waveguide. The

circuit models of the E- and H-plane T-junctions intro-

duced by Marcuvitz [6] are shown in Fig. 8(a) and (b),

respectively. The scattering matrix elements of each of

the T-junctions are computed by TPMMT as a function of
the normalized frequency Q. At each Cl, the element

values of the circuit of Fig. 8(a) and (b) are derived from

the scattering matrix.

For the E-plane T-junction, the three-port Y-parame-

ters are computed from the scattering matrix [S] using the

relation [Y]= ([l]–[S])([l] +[S])–l, where [1] is the unit

matrix. The element values of the equivalent circuit in

:R!!L:::liq
in 12 11

Fig. 11. n-channel multiplexer network.

Fig. 8(a) are then easily shown to be given by

jB. = YSI (13a)

jB~ = y21 – jBC (13b)

jB~ = yll + jB~ + jBC (13C)

jB~ = Y3S+ jBC. (13d)

Each of the element values B., B~, BC and B~ of Fig. 8(a)

are expressed as a sixth order polynomial in Q:

( 14)

where k = a, b, c, d. The coefficient b~k) are obtained by

fitting the element values obtained from the scattering

matrix to expressions (14) with the mean square regres-

sion method. Table I gives the polynomial coefficients
b(k). Fig. 9 compares the circuit element values obtained

f;om the TPMMT, the polynomial approximations (14),

the approximate expressions and the curves of reference

[61 (Figures 6.1-4 to 6.1-7 in [6]).1 The data from the

curves in [6] are very accurate, it is not clear, however,

how the curves were generated.

For the H-plane T-junction a similar procedure is used.

The three-port Z-parameters are computed from the

scattering matrix using the relation [Z] = ([ 1] + [S])([1] –

[S])- 1. The element values of the equivalentcircuitin
Fig.8(b) are given by

jXc = 231. (15a)

jXb = 221 – jXc ( 15b)

jXa = Zll – jXb – jXc (15C)

jXd = 233 – jXc. (15d)

1Note that there is an error in labeling the parameters of these cumes

in [6]. The parameter b /Ag shown in the curves should read 2b /Ag.
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The reactance element values X., X~, XC and Xd of Fig.

8(b) are expressed as rational functions of the normalized

frequency 0:

Xk(fl) = ~ x:wY/(fl – PI) (16)
i=O

where k = a,c, d; and

Xb(fl) = i X:’)Q’/[(Q –P,)(P, –Q)]. (17)
i=o

Fig. 10 compares the variation of the circuit element

values for the H-plane T-junction. Table 11 gives the

polynomial coefficients x~~) and the poles PI and P2.

111. MULTIPLEXER MODEL AND OPTIMIZATION

The n-channel multiplexer shown in Fig. 11 consists of

a waveguide manifold and n band-pass filters connected

to it through n waveguide T-junctions. Methods for the

analysis, optimization and design of such multiplexer are

described in [1]-[3]. The practical success of the muhi-

plexer designs are critically dependent on the accuracy of

the models used to compute the frequency dependence of

the filter and T-junction scattering parameters. Typically

measured S-parameters of the T-junctions are used, to-

gether with a circuit model of the filters to model the

multiplexer response. Computer optimization routines are

then employed to find optimum values of the rnanifbld

spacings 1~ and d~ (shown in Fig. 11), as well as the fillter

parameters. When a satisfactory computer optimized :so-

Iution is achieved, it usually takes several experimental

steps to practically obtain the same result. We used the

T-junction model developed in the previous section, to-

gether with a modified circuit model of the filters de-

scribed in [1] to design a four channel S-band multiplexer.

After the computer optimization had been performed, the

four filters were designed, built, tuned, and tested individ-

ually. The waveguide manifold was also built with i he

optimized dimensions. The four channel multiplexer was

then assembled and tested without any further tuning. The

result was extremely close to the computer design.

Fig. 12 shows typical computed results superimposed

on the measured individual filter characteristics (both

magnitude and phase of the reflection coefficient are

shown). The filters used initially, before optimization, are

doubly terminated four-pole elliptic function filters with

.05 dB pass band ripple and 30 dB minimum out of band

rejection. Fig. 13 shows the computed optimized multi-

plexer response, while Fig. 14 shows the measured mu [ti-

plexer response.

IV. CONCLUSION

A rigorous method is presented to model rectangular

waveguide T-junctions. The method is a combination of

mode-matching and a three plane measurement method.

The computed and measured results of magnitude and

phase of the scattering matrix elements are in’ excellent

agreement for both E-plane and H-plane T-junctions.

The equivalent circuit models for both E-plane and H-

plane T-junctions are used with their parameters derived

from the electromagnetic model. These parameters are

represented by polynomials and they’ provide very good

accuracy (less than 1$ZO magnitude error and less than 2°

of phase error of the scattering parameters).

The optimization procedure of the multiplexer network

model gives very good design of the manifold and the

filters of the multiplexer. An experimental multiple~er

built in accordance with the optimized design shows re-

markable agreement with the theoretical results, without

any additional tuning.

The TPMMT may also be used to solve other problems

which have field

right angle bends

deficiencies in some regions, such as

in waveguides, T-junction series, etc.
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